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1. NONREGULAR S IMPLEX WITH EQUAL VERTEX ANGLES 
Let E n be the n-dimensional Euclidean space with an orientation. Let ~ be an n-simplex in E n 
with vertices A0, A1 , . . . ,  An (i.e., • = (A0, A1, • • •, An)), and let ~i = (Ao, • • •, A~-I, A i+ l , . . . ,  An) 
be its facet which lies in a hyperplane Hi, e~ the unit outer normal vector of YI~, i = 0, 1 , . . . ,  n. 
We set 
D~ = det (e0, . . . ,  ei-1, e~+l, • • •, en). 
Then, 0~ = axcsin IDol is called the vertex angle at vertex A~ of f~ [2,3]. 
It is well known that  a simplex is regular if and only if all its dihedral angles axe equal. A 
natural question is whether a similar result holds for vertex angles, which was considered as an 
open problem in [4]. The following theorem is a perfect solution to this problem. 
THEOREM 1. 
(a) Let 8o,01,... ,On be the vertex angles of any a regular n-simplex. Then, Oo = 01 . . . . .  
On = aresin[1/n + 1(1 + (1/n))n] 1/2. 
(b) There exists a nonregular tetrahedron f~* in E 2 such that a11 vertex angles off~* are equal 
To prove Theorem 1, we need two lemmas. 
LEMMA 1. Let a, b, c, a', b', c' E R +. The inequalities 
(1) a+b>c,  a+c>b,  b+c>a,  
i 1 1 1 1 ] 0 c 2 b 2 a 2 
(2) det c 2 0 a 2 b '2 > 0 
b a Oc:J a'2 b'2 e'2 
are necessary and sufficient conditions for the existence of a tetrahedron f~* = (A0, A1, A2, As) 
with edge lengths a = IAIA21, b = IAoA2bl, e = IAoAll, a' = IAoAzh b' = IA1Azl, e' = IA2A31. 
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Lemma 1 is one special case of the well-known Menger's theorem by taking n = 3 (see [5]). 
One of its direct proofs is given by [6, XIX, 1.1]. 
LEMMA 2. (The Sine Theorem [2,3].) Let ~ be an n-simplex with volume V with vertex angles 
00, 01,..., On, Si the (n - 1)-dimensional volume of facet f~i. Then, 
sin Oo sin 01 sin On (nV)n- 1 
. . . . . . . . . .  . (1.1) 
So Sl S. (n-  1)! I-[ S, 
i=0 
PROOF OF THEOREM 1. 
(a) Let ~O denote the internal dihedral angle between ~ and Dj. Noting that 
{ - cos~o,  foriCj, (ei, ej) = 1, for i = j, 
we have 
0~ = arcsin Idet (e0, • • •, e~-t, e~+t,. . . ,  en) I 
1/2 
= arcsin det ((e~, e j ) ) l j# i 
1 - cos ~Olj 
1/2 1 
= arcsin det 
-- cos ~Olj 
For regular simplex n, noting the known fact [1], 
~O = arccos 1 (0 < i, j <_ n), 
n 
l,j~i 
(1.2) 
we obtain 
:] 1 1 1/2 1 8i = arcsin det =. .  
_n -1  
•Xr¢  
so (a) is proved. 
(b) We set a = a' = 5, b = b' = 6, c = c' = 7, obviously, condition (1) of Lemma 1 holds. By 
computing, we derive 
det 
i 1 i i 7:]  07262 5121 
72 0 52 62 
62 52 0 
52 62 72 
= 288 x 380 = 109440 > O. 
Hence, from Lemma 1, there exists a tetrahedron ~* = (Ao,A1, A2,A3) with edge 
lengths [A1A2[ = [AoA31 = 5, [AoA2[ = [A1A3[ = 6, [AoAI[ = IA2A3[ = 7. 
It is obvious that four facets of ~* are congruent, his clearly implies So = S1 = $2 = $3. 
Let 80, 81,82, 83 be the vertex angle of ~*. It follows that sin 80 = sin 81 = sin 02 = sin 83 
by using Lemma 2. Noting 8~ E (0, Ir/2], we infer 8o = 81 = 82 = 83. However, ~* is 
nonregular, as desired. 
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2.  THE VERTEX ANGLES FOR RECTANGULAR S IMPL ICES 
A rectangular n-simplex is the convex hull of 0 and an orthogonal set containing n vectors, 
namely, there is an orthogonal set of n edge vectors which have common vertex. 
We prove the following theorem• 
Let f~ = (Ao, A 1, • • • , An) be a rectangular n-simplex with vertex angles 0o, Oi,... 0,. THEOREM 2. 
Then, 
~-2~ sin 2 0i = 2. (2.1) 
i=O 
PROOF• Let v~ = AoAi. Without  loss of generality, we assume that  {vl, v2 , . . . ,  vn} is a set of or- 
thogonal vectors. We set -~ = vi/II vi H, i = 1, 2 , . . . ,  n, then {el, e2, . . .  ,~}  is the standard basis 
of E n, and -~ is the unit outer normal vector of facet f/~ = (Ao , . . . ,  A~-I, A i+ l , . . . ,  An). Now, 
we establish an orthogonal coordinate system with el, e2 , . . . ,  e--~ as n coordinate basis vectors• 
Let eo be the unit outer normal vector of facet f~o, eo~ the angle between eo and ~.  Then, the or- 
thogonal coordinates of vector eo is (cos eo~-~, cos eo~,  • • •, cos eo~) ,  namely, (cos ~01, cos ~02, . . . ,  
cos ~on). Hence, 
n 
cos 2 ~oj = 1. (2.2) 
j=0  
From (1.2), we have 
1 - cos ~olj 7 
sin 2 0i = det 1 ] • . o 
- cos ~l# 1 l,j¢~ 
when i = 0, sin 2 0o = 1 follows immediately from ~lj = 7r/2 (0 < I < j < n). When i ~ 0, noting 
qolj = 7r/2 (0 < l < j _< n), we obtain 
sin 20i = det 
1 - -  cos ~OoI 
- cos ~Ooi 1 
: 
- cos ~o0j 0 
: 
- -  cos ~Oon 0 
n 
= 1 - Z c°s2 qo0j. 
j= l  
• . °  
• • • 
- cos~o j  . . .  --cos~a0n" 
0 . . .  0 
Hence, applying (2.2), we obtain 
n ) 
Zs in28~=s in28o+Zs in28~=l+ 1 - ~--~ cos2 ~o0j 
i=O i----1 i----1 j----1 
n 
= n + 1 - (n - 1) ~ cos 2 ~oj 
$---0 
= 2 .  
Th is  proves equality (2.1)• 
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3. K -D IMENSIONAL SUBSPACE AND 
SET  OF  ORTHOGONAL VECTORS 
Let U be a k-dimensional linear subspace of R n. Then, for any x E R n, we have x = y + z, 
where y E U, z • U ±. We call z the orthogonal component of x corresponding to U and y 
the orthogonal projection x corresponding to U. If x • R n, we define that (x, U) is the angle 
between x and its orthogonal projection y. 
THEOREM 3. Let {Xl, X2 , . . .  , Xn} be a set of orthogonal nonzero vectors in R n, U the k-dimen- 
sional subspaze of R n. Then, 
sin (z , u)  = n - k. (3.1) 
i=1  
PROOF. Let {at , . . .  ,a k} be a basis of U,A = (at , . . .  ,aS). Then for any x • R n, we have [7] 
sin (x, U) -- 11(I - AA+)xll2 
11 ll2 
where A + is the generalized inverse of A and I]xllv denote p-normal number of x. 
Noting that two well-known facts, 
(I - AA+) T ( I  + AA +) = I - AA +, 
A + = (ATA) -1 A T, for rank (A) = k, 
we have 
sin(x, U)= (x'r (I- AA+) T (I- AA+)x} I/2 
(xTz )  I/2 
(zZmx) a/2 
On the other hand, let ~ = xi/II x, II, then {el,e2,...,~-~n} is the standard basis of R ~. It 
is easy to choose an orthogonal coordinate system such that el, e2,... ,~ ,  are coordinate basis 
vectors. Let trA denote the trace of matrix A. Applying the well-known fact t rCB = t rBC 
(where C • R rnxn, B • R nxm) and (3.2), we obtain 
$*t n 
i----i i= l  i----I 
= tr ( I -  A (A TA) -1A T) =n- t r  [(A TA) -1 (A TA)] =n -k ,  
as desired. 
From Theorem 3, we can derive the result of Cho [1]. 
COROLLARY 1. (See [1].) Let f~ = (Ao,. . .  ,An) be a rectangular simplex, ~oij the internal 
dihedral angle between ~h and ~j.  Then 
cos 2 ~ j= l .  
o<i<j<n 
PROOF. Let ~o lies in a hyperplane ri0. Then, the statement follows from Theorem 3 by noting 
that rio is an (n - 1)-dimensional subspace of R '~ and the obvious geometric fact 0oj = 17r/2 -
rio)l. 
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